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THEORY
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STABILITY PROBLEMS

 On the material side determined by its failure behaviour

 Most often modelled with Mohr-Coulomb failure criterion → 𝜑, 𝑐, 𝜓

 Suitable framework for solving such problems: Limit Analysis

Bearing capacity Active/Passive earth pressure Slope stability

1
1 1
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LIMIT ANALYSIS

Upper bound (e.g. kinematic method)

Lower bound (e.g. static method)

Exact solution

Failure load

Kinematic method:
• Solve energy balance on 

failure mechanism

Static method:
• Find allowed stress field that is in 

static equilibrium

The solutions from 

both methods bound 

the true failure load 

from above and below:

𝝋 = 𝝍 (→AFR = associated flow rule)

is required!

1
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LIMIT ANALYSIS

Limit Analysis (𝜓 = 𝜑!)

𝐹𝑢 is independent of the pre-failure behaviour

of the system 1

(i.e. E, 𝜈, hardening, construction stages, load path)

Only input: 𝜑, 𝑐

Good analytical solutions

can be complex to find easy once found

Numerical tools:
• FELA (Finite Element Limit Analysis)

• FEM (displacement based → e.g. ZSoil)

Catch?     →     Real soils have 𝜓 ሶ𝜀𝑝 < 𝜑     → Limit Analysis
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𝜓 < 𝜑 

𝜓 < 𝜑 𝐹𝑢𝑙𝑡
𝜓<𝜑

≤ 𝐹𝑢𝑙𝑡
𝜓=𝜑 Why?

Systems may

present resistance

to volume increase.

Localized failure planes may occur, 

with an apparent softening at the time 

of their emergence 1,2.

1)

2)

𝜓 = 𝜑

𝜓 = 0

E.g. Direct Shear:
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𝜓 < 𝜑 - 2) LOCALIZED FAILURE PLANES MAY OCCUR, WITH AN APPARENT SOFTENING AT THE TIME OF THEIR EMERGENCE.

Immediately pre-yield: (Point A)

𝜏𝑡𝑛 = 𝒕𝒂𝒏𝝋 ⋅ 𝜎𝑛 + 𝒄

Localized

failure plane

in t-direction 1

𝜑

𝜎

𝜏

𝜎𝑛

𝜏𝑡𝑛

𝑐

𝐴

Post-yield: (Point A)

𝜏𝑡𝑛 = 𝒕𝒂𝒏𝝋 ⋅ 𝜎𝑛 + 𝒄

𝜑

𝜎𝜎𝑛

𝜏𝑡𝑛

𝑐

𝐴

𝜏

𝜓 = 𝜑

Post-yield: (between points A and B)

𝜏𝑡𝑛 = 𝒕𝒂𝒏𝝋∗ ⋅ 𝜎𝑛 + 𝒄∗

𝜑

𝜎
𝜎𝑛

𝜏𝑡𝑛

𝑐

𝐴

𝜏
𝜓 < 𝜑

𝑐∗

𝐵

𝜑∗



 M.C. yield surface: F =
𝐽1

3
sin𝜑 − 𝐽2𝐷 cos 𝜃 −

𝐽2𝐷

3
sin𝜑 sin 𝜃 + 𝑐 cos𝜑 = 0      or      𝜏𝑡𝑛 = 𝒕𝒂𝒏𝝋 ⋅ 𝜎𝑛 + 𝒄

 M.C. plastic potential: G =
𝐽1

3
sin𝜓 − 𝐽2𝐷 cos 𝜃 −

𝐽2𝐷

3
sin𝜓 sin 𝜃 + 𝑐𝑜𝑛𝑠𝑡. = 0 → in general: ሶ𝜀𝑛

𝑝
= tan𝜓 ⋅ ሶ𝛾𝑡𝑛

𝑝

 Assumption that localization happens ⇒ 𝛿 → 0

 ⇒ ሶ𝜀𝑡
𝑝
≪ ሶ𝜀𝑛

𝑝
 ⇒ ሶ𝜀𝑡

𝑝
→ 0

 ሶ𝜀𝑡
𝑝
= ሶ𝜆

𝜕𝐺

𝜕𝜎𝑡
= 0 ⇒ ⋯
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𝜓 < 𝜑 - 2) LOCALIZED FAILURE PLANES MAY OCCUR, WITH AN APPARENT SOFTENING AT THE TIME OF THEIR EMERGENCE.

In localized yield state: 1

𝜏𝑡𝑛 = 𝒕𝒂𝒏𝝋∗ ⋅ 𝜎𝑛 + 𝒄∗ 

with:

𝑐∗ = 𝛽𝑐 
tan𝜑∗ = 𝛽 tan𝜑 

𝛽 =
cos 𝜓 cos 𝜑

1−sin 𝜓 sin 𝜙
< 1 

⇒ apparent softening in the failure plane

Softening leads to localization

⇒

2

Failure plane

in t-direction

𝜎𝑡𝜎𝑛

𝜏𝑡𝑛

3
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𝜓 < 𝜑 

𝜓 < 𝜑 𝐹𝑢𝑙𝑡
𝜓<𝜑

≤ 𝐹𝑢𝑙𝑡
𝜓=𝜑 Why?

Systems may

present resistance

to volume increase.

Localized failure planes

may occur, with an

apparent softening at the

time of their emergence 1,2.

1)

2)

 Limit Analysis is not conservative!

 FEM OK? (Yes and no)

 HSs, adequate initial state,
construction stages

 𝑐−tan𝜑 reduction
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𝜓 < 𝜑 

FEM with 𝜓 < 𝜑 Possibility of localization?
Mesh size&orientation dependency

Coarse mesh

Fine mesh

Localization is possible

No localization possible Not conservative!

Mathematical non-uniqueness
• Multiple possible 𝐹𝑢
• Solver oscillations

• Compromised convergence

Mesh orientation dependency

Lowest 𝐹𝑢 found?

Strategies:
1. Many models → no guarantee for lowest 𝐹𝑢
2. Drescher and Detournay (1993)1 → Davies’ reduced strength parameters2 together with AFR (𝜓 = 𝜑).

Then do Limit Analysis, FELA, FEM etc.
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REDUCED STRENGTH PARAMETER APPROACH

𝛽 =
cos 𝜓 cos 𝜑

1−sin 𝜓 sin 𝜙
< 1 

tan𝜑∗ = 𝛽 tan𝜑 𝑐∗ = 𝛽 ⋅ 𝑐 𝜓∗ = 𝜑∗

Strength in failure planes 

with 𝜑∗, 𝑐∗, 𝜓∗
Strength in localized failure

planes with 𝜑, 𝑐, 𝜓
=

Use Mohr-Coulomb model

with 𝜑∗, 𝑐∗, 𝜓∗

plus all benefits of the AFR

Overestimates plastic volume increase

Overestimates collapse load of 

kinematically constrained systems

• Definition of «degree of kinematic constraint»?

• Amount of influence for different system types?
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EXAMPLES FROM LITERATURE
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LITERATURE EXAMPLE 1: BIAXIAL TEST 1
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LITERATURE EXAMPLE 2: STRIP FOOTING 1
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LITERATURE EXAMPLE 3: ANCHOR PULLOUT 1



ZSoil Symposium 2026, R. Hettelingh 16

𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL



ZSoil Symposium 2026, R. Hettelingh 17

𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL

4m

2m

𝑐-𝜑-reduction

failure mechanism:

 4m deep, anchored excavation

 𝜑 = 29.1° ; 𝜓 = 3° ; 𝑐 = 0
 𝜑∗ = 𝜓∗ = 26.5° (𝛽 = 0.895) ; 𝑐∗ = 0
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• AFR: 𝜓 = 𝜑 ; NAFR: 𝜓 ≠ 𝜑
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𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL
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𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL
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𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL
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𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL

• FELA: Finite Element Limit Analysis (here: Optum G2)



ZSoil Symposium 2026, R. Hettelingh
• MC: Lin. el. + Mohr-Coulomb failure

• *: Davies’ reduced strength parameters with AFR

• AFR: 𝜓 = 𝜑 ; NAFR: 𝜓 ≠ 𝜑

23

𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL

• FELA: Finite Element Limit Analysis (here: Optum G2)

• HS: Hardening soil model

• HS-Brick: HS with small strain extension (Brick version)
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𝑐-𝜑-REDUCTION EXAMPLE IN ZSOIL

• FELA: Finite Element Limit Analysis (here: Optum G2)

• HS: Hardening soil model

• HS-Brick: HS with small strain extension (Brick version)
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  → 𝜑 , c , 𝜓


  𝝋 = 𝝍


  →


  𝜓 = 𝜑


   F u


  E , 𝜈


  𝜑 , c


  →


  𝜓  (    𝜀 . p ) < 𝜑


  →


  𝜓 < 𝜑


  𝜓 < 𝜑


   F  u l t  𝜓 < 𝜑 ≤  F  u l t  𝜓 = 𝜑


  𝜓 = 𝜑


  𝜓 = 0


  ⇒


  ⇒


  𝜓 < 𝜑


   𝜏  t n =   𝒕 𝒂 𝒏 ⁡ 𝝋 ⋅  𝜎 n + 𝒄
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  𝜏


   𝜎 n


   𝜏  t n


  c


  A


   𝜏  t n =   𝒕 𝒂 𝒏 ⁡ 𝝋 ⋅  𝜎 n + 𝒄


  𝜑


  𝜎


   𝜎 n


   𝜏  t n


  c


  A


  𝜏


  𝜓 = 𝜑


   𝜏  t n =   𝒕 𝒂 𝒏 ⁡   𝝋 ∗ ⋅  𝜎 n +  𝒄 ∗


  𝜑


  𝜎


   𝜎 n


   𝜏  t n


  c


  A


  𝜏


  𝜓 < 𝜑


   c ∗


  B


   𝜑 ∗
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  →
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  𝜓 < 𝜑
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